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Abstract. We apply an elementry result of I' — convergence to show the dependance
on p(-) of the first eigenvalue \,(, of the p(x)—Laplacian problem

—Ap(w) (u) = )\|u|3"(‘"”)_2u, in Q,
u =0, on 0f).
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1. Introduction and main result

The eigenvalue problem associated with the p(z)—Laplacian is defined by

{—div(wu\p(x)—?vu) — AfufP@)-2y,

1.1
1) ue W@ (q),

*. Corresponding author
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where  is a bounded set of RY with Lipschitzien boundary, N > 2 and
p(+) € P9(Q) which is defined by

PLI(Q) = {p(-) € P(Q)/ p(-) is log—Holder continuous}

PQ)={p(-) eC(Q)/1<p = ;Ielgj?(m) <p(x) < sugp(x) =:pt < NVzreQl

Recall that p(-) is log —Holder continuous if

L
log(lz —yl)

for some L > 0 and for all z,y € Q, with 0 < [z —y| < 1.
A pair (u, \) € Wol’p(m)(Q) x R is a weak solution of (1.1) provided that

(1.2) / VulP@2Vuve dr = A / [P 200 da Yo € Wy (92)
Q Q

u is called an eigenfunction and A is called the associated eigenvalue.
(1.2) is the Euler-Lagrange equation associated to the minimization of the

z)
Rayleigh ratio R(u) := %

In [7], the authors showed that problem (1.1) has an infinite sequence of
eigenvalues defined by

(1.3) AP (1) = sup/ VP
KEWm p() UEK

where W, ,,.)(€2) is the set of symmetric and compact subsets of {u € VVO1 p(@) (Q):
Jo |u[P(*) dz = 1} such that i(K) > m, and i denotes the Krasnoselskii’s genus.!

When m = 1 we use the notation () = \LP(),

The normalization condition |, |u[P*) dz = 1 taken on w is necessary to
avoid the fact that \"P()(u) = 0. Indeed, the example introduced in [8] shows
that this may happen even if u # 0.

The first eigenvalue (i.e. m = 1) is characterized to be

MO = inf [ |[Vu|P® d ={uel¥, Lp( Q)/ / JulP@ dx =1}
ueM Jq
is a closed manifold.
In the constant exponent case E. Parini showed in [11] the continuity with
respect to p of the m*™® variational eigenvalue in a sufficiently regular domain.

1. Let E be a real Banach space and X (E) the set of all closed subsets of E which do not
contain 0 and are symmetric with respect to 0. The Krasnoselkii’s genus i(A) of a non
empty set A € X(A) is defined to be the smallest integer m € N for which there exists an
odd mapping g € C(A,R™ \ {0}). If no such mapping exists we write ¢(A4) = +oc.
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More precisely the authors require the domain to be bounded with Lipschitz
boundary.

A few years later, M. Degiovanni and M. Marzocchi showed in [5] the con-
tinuity of the m*® variational eigenvalue but requiring the domain to be only
bounded open and connected subset of RV,

For other articles treating the stability see for example [6],[2],[10] and the
references therein.

As far as we know, the stability of eigenvalues associated to the p(z)—Laplacian
problem have not been treated before. Our main goal in this work is to show that
the first eigenvalue associated to the p(z)—Laplacian problem AP() is continuous
with respect to p(-), i.e. for all h € N

APC) 5 APO) s pp (4 — p(+) uniformly.
—00

To achieve this goal we utilized an elementary result found in [3] concerning
convergence of minimum values of a family of functionals F} to the minimum
value of a limit F'.

Since it has been introduced in 1985 by De Giorgi, De Giorgi’s I'—convergence
covers almost all other variational convergences in term of applications as it plays
a central role for its compactness properties and for the large number of results
concerning I'—limits of integral functionals.

The most difficult issue in the study of the Rayleigh ratio with integrals is
the non homogeneity of the integrals in marked contrast to the ratio with norms.

Plan of the paper. In Section 2, we collect various preliminaries necessary
to apprehend the following section. In section 3 we will prove the main result,
that is, the first eigenvalue is continuous with respect to uniform variations of

p()-
2. Preliminaries

2.1 Lebesgue and Sobolev spaces with variable exponents

We refer to the monograph [4] for basics of the spaces LPO) and WrO) | but
remind their definitions and some important properties.

Let Q be an open bounded set of RY with Lipschitzien boundary and p(-) €
P(Q). We define the variable exponent Lebesgue space LP() () to consist of all
measurable functions u : {2 — R for which the modular

pp(y (1) = /Q ju(z) ") da
is finite. We define the Luxembourg norm on this space by

. U
Hqu(-) =inf{A>0: pp(.)(x) <1}
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The variable exponent Sobolev space WP() () is the space of LP() () functions
u whose distributional gradient exists and satisfies |Vu| € LPO)(Q).
Under the norm

[ull1py = lullpe) + 1 Vullpe) Ya € WHPEQ)

W0 (Q) is a Banach space.

Note that the variable exponent Sobolev spaces resembles classical Sobolev
spaces in many aspects: they are Banach spaces and they are reflexive and
separable if and only if 1 < p~ < pt < co.

We require p(-) to be in addition in P'°8(Q) to define Wol’p(x)(ﬂ) as the
closure of C§°(Q2) (the space of indefinitely derivable functions with compact
support) in WP (Q) (see [4], Corollary 11.2.4).

Proposition 2.1. Let p € PY9(RYN) be bounded, let ¢ € P(RN) and suppose
that

w(|z|)
log(e + )

||

q(z) < p*(x) —

where w : [0, 00) — [0, 00) is increasing and continuous with w(0) = 0.
Then the embedding W' PO (RN) < LI@)(RN) is compact and continuous.

with p*(z) := ]\J[Vflga).

1. (Poincaré inequality.) There is a positive constant C > 0 such that
17
lullpe) < ClIVullp) Vu € Wy ™ ().
This implies that || Vu||pq) and [[ully p) are equivalent norms on Wol’p(x)(Q).

2.2 I'—convergence

We recall from [3] basic definitions concerning I'—convergence.

Definition 2.2. Let X be a metric space. A sequence Fy, of functionals (Fy) :
X — R is said to I'(X) converges to F' : X — R and we write I'(X ) — hlim F, =
— 00
F if the following hold
i. (liminf inequality) For every u € Xand (up) C X such that up, — u in X

we have
F(u) < lim ianh(uh).
h—o00

it. (limsup inequality) For every u € X there exists a sequence (up) C X
(called recovery sequence) such that up, — u in X and

F(u) > limsupFp(up).

h—o0

The condition ii. is characterized by the following (see [9]).
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Proposition 2.3. Let X be a topological space that satisfies the 15 aziom of
countability? and assume that (up) is a sequence such that up, — u in X as
h — oo, limsupy,_, F(up) < F(u) and such that for every m € N there exists a
sequence {Upm hth, Umh — Um as h — 0o with imsupy,_, o Fi(ump) < F(um),
then there exists a recovering sequence of u in the sense of . of the preceding
definition.

Definition 2.4. We say that a sequence (Fy) is equicoercive (on X ) if for
every t € R there exists a closed countably compact subset K; of X such that
{F, <t} C K; for all h € N.

Proposition 2.5 ([3], Proposition 7.7). The sequence (F}) is equicoercive if
and only if there exists a lower semi-continuous coercive function ¢ : X — R
such that Fyp, > ¢ on X for all h € N.

Theorem 2.6 ([3], Theorem 7.8). Suppose that (Fy) is equicoercive on X, then

the I' — limsupF}, and I' — liminf F}, are coercive and
h—00 h—00

F, F//

minF’(z) = liminf inf Fj(z).

zeX h—oo z€X

If in addition (Fy) T'—converges to a function F in X then F is coercive and

inF = i inf F) .
minF(z) = lim_inf Fj,(z)

3. Main result

F: M — [0,+0c0] defined by:

(3.1) Flu) = / V™ do
Q

and Fy, : M, — [0, +o0] defined by:

(3.2) / V[P dg.
Q

To show the continuity of the first eigenvalue we have to prove the following
convergence

(3.3) inf /]Vu\ph(x) dr —> inf / ’vu‘P(I) dr
u€Mp, Q ueM Q

as pu(-) — p(-) uniformly, where My, = {u € Wy ”*O(Q)/ [, |ufr@ do = 1}
and M = {u € Wy (Q)/ [o ulP® do=1}.

2. A topological space satisfies the first axiom of countability if the defining system of neigh-
bourhoods of every point has a countable base.
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In view of Theorem 2.6, the convergence (3.3) will be attained if we show
that the family Fj I'—converges to F' as h — oo and F}, is equicoercive. Our
main concern in this section is to prove the following theorem:

Theorem 3.1. 1. The family of functions (F}) is equicoercive.

2. Let Q C RN be an open and bounded set with Lipschitzien boundary and
let (pn) C P98(Q) and p € P°8(Q) such that p, — p uniformly in Q.
Then

L(LPOY Q) — lim Fp, = F.
h—00
Proof. 1. For all u € X such that |ul]|x > 1 we have % > ||u||§g_1. This
implies
Flu) _

= =
llull x oo |||l x

So F' is coercive and clearly lower semi-continuous so we deduce the equicoer-
civeness by simply taking ¥ = F' in Proposition 2.5.
2. liminf inequality.
Let u, — u in LPO)(Q). If lihﬂi}ianh(Uh) = 400 there is nothing to prove.
o
Thus, we may assume, without loss of generality, that uy € Wl’ph(')(Q) and, up
to a subsequence
lim inf £y, (up) = lim Fp(up) < +o00.
h—0o0 h—o00

Since pp, — p uniformly, Ve > 0, AN, € NVh > N |p, —p| < €
(3.4) = p(x) —e < pp(z) Yo € QVh > N,
Thus, for all h > N, we have Wol’ph(')(Q) C Wg’p(')fe(Q) and
(3.5) [Vurllpe)—e < 1+ QDIVuplp, ) < D,

where D is a constant not depending on e.

Then(uy,) is a bounded sequence in WO1 P (')_G(Q) which is reflexive, hence
there exists a subsequence (up) such that up — u weakly in VVO1 P (')_E(Q) with
u € Wol’p(')_g(Q) for all € > 0 sufficiently small.

We shall next show that the limit u € VVO1 P (')(Q) for e sufficiently small.
By the lower semicontinuity of the modular and inequality (3.5) we have

/ ‘Vu|P(x)f€ dr < liminf/ |Vuh]p(x)*€ da

.. pt—e pT—¢€
< lim inf max{[| Vunlf ) = [Vl Zcd
< lim inf max {[(1 + |Q|)lvuh’ph(-)]p+_e’

h—o0

[+ 192D Vunlp, ] Y
< max{Dp+_€,Dp7_€} < +o0.
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Thus

sup/ [VuP@ ¢ dz < 400
e>0.JQ

and by Fatou’s lemma
IVuP®) = lim inf|[Vu[P®) = e LY(Q).
e—0
It follows that
ue WY ().
By Young’s inequality and (3.4) we have

/|Vuh|l7(x)—e dx</p(x)_6]Vuhph($) dm+/ph(x)—p(x)+e o
Q ~ Ja pa(x) 0 on(®)

1 1
é/ |V, [P() da:+€/ dz + —|lpn — plloo-
Q o pr(T) Py,

In view of the weak convergence to u in WO1 P (')76((2) and the uniform conver-
gence of py to p we have

Q
/ |VuP®) = dz < Iiminf/ [V [P (@) dm+e|—J.
0 h—oo  Jo P

Since the inequality holds for each € > 0, letting € ™\, 0 and applying Fatou’s
lemma we obtain

/ |Vu‘p($) dz < liminf/ |th’ph(iB) d.

limsup inequality
Suppose that u € Wol’p(')(Q) (ifu & Wol’p(’)(Q) Fj,(u) = 400 and there is nothing
to prove). Since p(-) is log —Holder continuous C§°(§2) = Wol’p(’)(Q) and then it
exists a sequence (u,) C C5°(£2) such that

Up — U E Wol’p(')(Q)

(3.6) ie / IVulP® dz = lim / IV, [P®) da.
Q Q

n—-+o0o

On the other hand, for each m € N
|t [P — 11, [P®) a5 h — 00 for ae 2 € Q

and by the uniform convergence of py to p Ve > 0 we can find N, € N such that
pn < p+ €V h> N and then

[t [P < [P 1 € LHQ) V2 € QV A > N,

whence by the Dominated Convergence Theorem,

lim / |ty [PP®) e :/ |ty [P®) da Vm € N.
Q Q

n—o0

The proof is completed by Proposition 2.3 . O
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Theorem 3.2. The first eigenvalue associated to the p(x)—Laplacian A0 s
continuous with respect to the exponent p(-).

Proof. By Theorem 3.1 the functional F' defined in (3.2) is the I'—limit of F},
and since the functionals Fj, are coercive V h € N by Theorem 2.6

inf F, — inf F as h — oo.
u€e My, ueM

Define AP»() ;= inf Fj,(u) and AP0) := inf F(u) we conclude that
u€ My, ueM

AP0y \2()

when pp(-) — p(+) uniformly. O
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